Abstract. Many combinatorial problems encountered in practice involve constraints that require that a set of variables take distinct or equal values. The AllDifferent constraint, in particular, ensures that all variables take distinct values. Two soft variants of this constraint were proposed in [4], defined either with respect to a so-called variable or graph-based cost function. When requiring similarity, as opposed to diversity, one can consider the dual definition either for the cost or for the basic constraint itself, that is, AllEqual in our case. Six cost functions can be defined by exploring every combination of these definitions. It is therefore natural to study the complexity of achieving arc consistency and bounds consistency on them. From our earlier work on this topic an open problem remained, namely achieving bounds consistency on the maximisation of the SoftAllDiff constraint when considering the graph-based cost. In this paper we resolve this problem. Therefore, we give a complete taxonomy of constraints of equality and difference, based on the alternative objective functions used for the soft variants.
Introduction
Constraints for reasoning about the diversity or similarity of a set of variables are ubiquitous in constraint programming. For example, in a university timetabling problem we will want to ensure that all courses taken by a particular student are held at different times. Similarly, in meeting scheduling we will want to ensure that the participants of a meeting are scheduled to meet at the same time and in the same place. Sometimes, when the problem is over-constrained, we may wish to maximise the extent to which these constraints are satisfied. Consider again our timetabling example: we might wish to maximise the number of courses that are scheduled at different times when a student's preferences cannot all be met. In a constraint programming setting, these requirements are normally specified using global constraints. One of the most commonly used global constraints is the AllDifferent [6], which enforces that all variables take pair-wise different values. A soft version of the AllDifferent constraint, the SoftAllDiff, has been proposed by the authors of [4] . They proposed two cost metrics for measuring the degree of satisfaction of the constraint, which are to be minimised or maximised: graph-and variable-based cost. The former counts the number of equalities, whilst the latter counts the number of variables, violating an AllDifferent constraint. When we wish to enforce that a set of variables take equal values, we can use the AllEqual, or its soft variant, the SoftAllEqual constraint, which we recently introduced [3] .
When considering these two constraints (AllDifferent and AllEqual), these two costs (graph-based and variable-based) and objectives (minimisation and maximisation) we can define eight algorithmic problems related to constraints of difference and equality. In fact, because the graph-based costs of AllDifferent and AllEqual are dual, only six distinct problems are defined.
When we introduced the SoftAllEqual constraint one open problem remained: namely, the design of an algorithm for achieving bounds consistency on the SoftAllEqual constraint when the objective is to maximise the number of equalities achieved in the decomposition graph of the constraint, i.e. the SoftAllEqual constraint defined by the graph-based cost. In this paper we resolve this open question, and propose an efficient bounds consistency algorithm for this case. This result enables us to fully characterise the complexity of achieving arc consistency and bounds consistency on each of the eight constraints in this class. This paper, therefore, provides a complete taxonomy of constraints of difference and equality.
The remainder of this paper is organised as follows. In Section 2 we introduce the necessary technical background. A complete taxonomy of constraints of equality and difference is presented in Section 3. In Section 4 we present the main technical contribution of the paper, namely the complexity of achieving bounds consistency on the SoftAllEqual when the objective is to optimise the graph-based cost. A filtering algorithm is proposed in Section 5. Concluding remarks are made in Section 6.
Background
Constraint Satisfaction. A constraint satisfaction problem (CSP) is a triplet P = (X , D, C) where X is a set of variables, D a mapping of variables to sets of values (without loss of generality, we assume D(X) ⊂ Z for all X ∈ X , and we denote by min(X) and max(X) the minimum and maximum values in D(X), respectively) and C a set of constraints that specify allowed combinations of values for subsets of variables. An assignment of a set of variables X is a set of pairs S such that |X | = |S| and for each (X, v) ∈ S, we have X ∈ X and v ∈ D(X). A constraint C ∈ C is arc consistent (ac) iff, when a variable in the scope of C is assigned any value, there exists an assignment of the other
